Chiral spin superfluidity and spontaneous spin Hall effect of
  interacting bosons by Li, Xiaopeng et al.
ar
X
iv
:1
40
5.
67
15
v1
  [
co
nd
-m
at.
qu
an
t-g
as
]  
26
 M
ay
 20
14
Chiral spin superfluidity and spontaneous spin Hall effect of interacting bosons
Xiaopeng Li,1 Stefan S. Natu,1 Arun Paramekanti,2,3 and S. Das Sarma1
1Condensed Matter Theory Center and Joint Quantum Institute,
Department of Physics, University of Maryland, College Park, MD 20742-4111, USA
2Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada
3Canadian Institute for Advanced Research, Toronto, Ontario M5G 1Z8, Canada
Recent experiments on ultracold atoms in optical lattices have synthesized a variety of tunable
bands with degenerate double-well structures in momentum space. Such degeneracies in the sin-
gle particle spectrum strongly enhance quantum fluctuations, and may lead to exotic many-body
ground states. Here we consider weakly interacting spinor Bose gases in such bands, and discover
a universal quantum “order by disorder” phenomenon which selects a novel chiral spin superfluid
with remarkable properties such as spontaneous anomalous spin Hall effect and momentum space
antiferromagnetism. For bosons in the excited Dirac band of a hexagonal lattice, such a state sup-
ports staggered spin loop currents in real space. We show that Bloch oscillations provide a powerful
dynamical route to quantum state preparation of such a chiral spin superfluid. Our predictions can
be readily tested in spin resolved time-of-flight experiments.
The ability to optically address and manipulate the
spin and momentum of electrons in a solid forms the
basis for the fertile fields of spintronics and valleytron-
ics [1, 2]. Recent experimental progress in the field of
ultracold atomic gases has led to the creation of op-
tical lattices supporting bandstructures with multiple
minima (valleys) [3–17], and setups which allow for a
study of low-dimensional transport phenomena [11, 18–
21]. This valley degeneracy is achieved in experiments by
considering atoms with Raman induced synthetic spin-
orbit coupling [3–5, 7–9, 22], atoms in shaken optical lat-
tices [12, 13], and atoms loaded into excited optical lattice
bands [6, 10, 11, 14, 23] or engineered π-flux lattices [15–
17]. These landmark developments herald the emergence
of valleytronics (or atomtronics) for cold atoms, and set
the stage for the discovery of novel phases of atomic mat-
ter.
The presence of multiple valley and spin degrees of free-
dom often leads to a large degeneracy of single-particle
ground states. When such extensive degeneracies per-
sist at mean field level, many-body fluctuations play a
crucial role in selecting the eventual ground state. In-
deed, this is the basis for fascinating phases such as
fractional quantum Hall liquids in degenerate Landau
levels [24], unexpected magnetic orders in quasi-one di-
mensional bands [25, 26], and highly entangled quan-
tum spin liquids in frustrated magnets [27]. In certain
systems, fluctuations can select unusual long-range or-
dered many-body states which have the maximal entropy
out of the set of energetically degenerate states, a phe-
nomenon dubbed ‘thermal order by disorder’ [28, 29].
On the other hand, at low temperatures, the selection
may favor ordered states with lower quantum zero point
fluctuation on top of the mean field energy, leading to
‘quantum order by disorder’ [29]. A direct identification
of this phenomenon in solid state systems is, however,
often complicated by the presence of ordinarily negligi-
ble and material-specific terms in the Hamiltonian which
can overwhelm the order-by-disorder physics. Ultracold
atoms, with clean and well-characterized tunable Hamil-
tonians, provide a particularly attractive platform to ex-
pose this remarkable phenomenon.
Single species of repulsive bosons loaded into a multi-
valley dispersion will typically condense at a single mini-
mum, due to mean-field interactions. This spontaneously
broken valley symmetry concurrently leads to a broken
inversion and time-reversal symmetry (TRS). Such a con-
densate in a π-flux triangular lattice yields staggered
charge loop current order [17, 30–33] on triangular pla-
quettes. For weak interactions, the physics of this state
is well captured by Gross-Pitaevskii theory [34]. By con-
trast, as we show here, the physics of multi-component
bosons loaded into such bands is far richer as the spin
and valley degeneracies persist even at the classical in-
teracting level, and quantum fluctuations play a crucial
role in selecting an exotic ground state.
Here we study two component or equivalently pseudo-
spin-1/2 bosons loaded into such a multivalley band.
This leads to an extra spin-valley degeneracy since each
spin state can be localized in one of two valleys. We show
that quantum fluctuations lead to a ‘quantum order by
disorder’ effect in such a system, where opposite spins
condense at the two minima, giving rise to chiral spin
order in the system. Remarkably, this selection is “uni-
versal” in that it is independent of the microscopic details
such as the lattice geometry or the precise dispersion, and
is guaranteed by the symmetry which protects the valley
degeneracy. The most direct experimental consequence
of this chiral spin order is
∫
ddkk [n↑(k)− n↓(k)] 6= 0
and
∫
ddk [n↑(k)− n↓(k)] = 0, with n↑/↓(k) the spin re-
solved momentum distribution. The emergent coupling
between spin and orbital motions leads to interaction-
induced spontaneous spin Hall effect of bosons in optical
lattices lacking inversion symmetry.
Taking a concrete example of spinor bosons loaded at
massive Dirac points of a graphene-like lattice, such as
that recently realized experimentally [10], we predict that
chiral spin order implies spin loop currents in real space.
With increasing interaction strength, we find a rich phase
diagram with phase transitions into partially or fully spin
2polarized superfluid states and Mott states together with
an emergent quantum tricritical point. We show that
Bloch oscillation techniques provide a high fidelity route
to preparing the chiral spin superfluid and studying the
concomitant bosonic spin Hall phenomena.
FIG. 1: Lowest order scattering processes in chiral spin and
charge superfluid states in the “double-valley” band. In the
chiral spin state (+−), two condensate atoms of opposite spin
at K and −K are scattered to k and −k (or 2K − k and
k − 2K). In the chiral charge state, atoms of opposite spin
at K and K are scattered to k and 2K − k. Here the solid
(dashed) arrows denote ↑ (↓) and the red/blue colors differ-
entiate between the two processes, which must be added sym-
metrically for every k.
Emergence of chiral spin order. We first illus-
trate a minimal model which supports a chiral super-
fluid ground state. We consider two component pseudo-
spin-1/2 bosons in a spin-independent optical lattice de-
scribed by H = H0 +Hint, with
H0 =
∫
ddk
(2π)d
(ǫ(k)− µσ)φ†σ(k)φσ(k)
Hint =
1
2
∑
σ,σ′,x,x′
Uσ,x;σ′,x′φ
†
σxφ
†
σ′x′φσ′x′φσ,x, (1)
where φσx is the lattice annihilation operator with its
Fourier transform φσ(k) =
∑
x φσxe
−ik·x, ǫ(k) is the en-
ergy dispersion, which is identical for both spin ↑ and ↓,
µσ is the chemical potential and Uσ,x;σ′,x′ is the density-
density interaction. Our treatment in the following is
valid for spatial dimensions d = 2 or 3. We study a
situation where the single-particle dispersion ǫ(k) pos-
sesses two minima, at generically incommensurate wave-
vectors ±K related by TRS. Note that here TRS refers
to an anti-unitary symmetry Tφσ(k)T
−1 = φσ(−k) un-
der which spin is left unchanged, and the dispersion for
such a system obeys ǫ(k) = ǫ(−k). This is because
‘spin’ in our case simply refers to distinct hyperfine states
of an atom. Throughout, we will set ǫ(±K) = 0 as
the energy reference point. In the presence of trans-
lational symmetry, interactions preserve lattice momen-
tum and the coupling constant in momentum space is
Uσσ′(q) =
∑
r Uσ,x;σ′,x+re
iq·r.
For weak interactions, the bosons condense at the two
minima at ±K, and the condensate wave-function takes
the form:
ϕσr = 〈φσ,r〉 = √ρ+,σeiθ+,σeiK·r +√ρ−,σeiθ−,σe−iK·r (2)
Here ρ±,σ refers to the density of each spin component at
the ±K valleys, and θ±,σ phases of the spin-component σ
at the two valleys. For single species bosons with short-
ranged repulsion, the coexistence of +K and −K costs
exchange interaction (Uσσ(2K) > 0), so a single-valley
condensation associated with the spontaneous breaking
of the valley symmetry is energetically favorable. In
the two component case we study, this exchange mech-
anism implies that ρ+,↑ρ−,↑ = ρ+,↓ρ−,↓ = 0, provided
|U↑↓(2K)| <
√
U↑↑(2K)U↓↓(2K), a condition which is
easily satisfied for weakly interacting repulsive spinor
bosons. For contact interactions, this criterion reduces
to the familiar criterion for macroscopic phase separa-
tion in real space [34].
Therefore at the mean-field level, each component con-
denses at a single momentum (either +K or −K), yield-
ing four degenerate choices for the condensate wave-
function (ϕ↑,r, ϕ↓,r): (++) ≡ (eiK·r, eiK·r), (+−) ≡
(eiK·r, e−iK·r), (−−) ≡ (e−iK·r, e−iK·r), and (−+) ≡
(e−iK·r, eiK·r). The degeneracy of (++) with (−−) [or
(+−) with (−+) ] is guaranteed by TRS. However the
degeneracy of (++) with (+−) is due to an accidental
symmetry in the mean field energy,
E[ϕ↑r, ϕ
∗
↓r] = E[ϕ↑r, ϕ↓r], (3)
with E[ϕ↑r, ϕ↓r] = H |φσr→ϕσr , resulting from the
density-density nature of interactions which conserve the
populations of each of the two spin components sepa-
rately. In the (++) or (−−) state, we have chiral charge
(χc) order
∫
ddk
(2π)dk〈Φ†(k)Φ(k)〉 6= 0, with Φ = (φ↑, φ↓)T ,
while in the (+−) or (−+) state, we have chiral spin
(χs) order
∫
ddk
(2π)d
k〈Φ†(k)σzΦ(k)〉 6= 0. In ultracold atom
experiments, chiral spin and charge orders can be dis-
tinguished by using spin-resolved time-of-flight measure-
ments [10, 35].
In the asymptotic weakly interacting limit, only the
minimal momentum points ±K can be populated in the
ground state, and the classical degeneracy is exact. We
now investigate how quantum fluctuations lift this de-
generacy through an “order by disorder” mechanism.
To capture fluctuation effects, we start with a heuris-
tic argument based on second order perturbation theory.
The dominant inter-spin scattering processes which con-
tribute to the energy correction for the (++) and (+−)
(or equivalently the (−−) and (−+)) states at second or-
der are shown in Fig. 1 . Physically these processes corre-
spond to annihilating two condensate atoms in opposite
spin states and creating two non-condensed atoms. For
the chiral charge state, the two processes shown yield the
same energy, and give rise to the first term in the right
hand side of Eq. (4). By contrast, for the chiral spin
state, the two processes produce different energy contri-
butions given by the second and third terms in the right
hand side of Eq. (4).
Treating these processes perturbatively, the resulting
energy difference between the chiral spin and charge
states ∆E(2) = E
(2)
χc − E(2)χs is readily obtained by in-
3tegrating over momentum:
∆E(2)/Ns = −
∫
ddk
(2π)d
ρ↑ρ↓
{ |U↑↓(k−K)|2
ǫ(k) + ǫ(Q− k)
−1
2
|U↑↓(k−K)|2
ǫ(k) + ǫ(−k) −
1
2
|U↑↓(K− k)|2
ǫ(Q− k) + ǫ(k−Q)
}
, (4)
with Q = 2K, Ns the total number of lattice sites,
and the integral excludes the momentum k = ±K
points. Using ǫ(k) = ǫ(−k), it follows from the rela-
tion X−1 + Y −1 ≥ 4(X + Y )−1 (for positive numbers X
and Y ) that ∆E(2) > 0, a remarkably universal result
which is independent of the lattice geometry or details
of the bandstructure. The chiral spin superfluid state is
generically selected, and this energetic selection rule is
enforced by TRS.
While the above argument is illuminating and captures
the essential physics, there is a subtle issue in two dimen-
sions because the integral in Eq. (4) is logarithmically di-
vergent (from the integral
∫
d2k 1
k2
). We thus need to go
beyond the Rayleigh-Schro¨dinger type bare perturbation
theory by performing a careful Bogoliubov theory anal-
ysis (akin to a renormalized Wigner-Brillouin type per-
turbation theory) in order to regularize the logarithmic
divergence. In the renormalized theory (see Methods),
the bare dispersions in Eq. (4) are replaced by Bogoli-
ubov energy dispersions, and the interaction U↑↓ replaced
by effective couplings between the Bogoliubov quasipar-
ticles. This cures the logarithmic divergence since Bo-
goliubov spectra appearing in the denominators are lin-
ear in momentum near the condensate points. This im-
proved analysis still yields the same robust universal re-
sult, ∆E(2) > 0, generically favoring the chiral spin su-
perfluid.
In three dimensions, the superfluid transition temper-
ature of the chiral spin state is the usual Bose-Einstein
condensate (BEC) temperature (see Methods). In two
dimensions where phase fluctuations are strong, the su-
perfluid transition temperature is determined by vortex
proliferation associated with a Kosterlitz-Thouless (KT)
transition at Tc ≈ π8
√
Gρσ, with G being the curvature
of the bandstructure at K (see Methods) which deter-
mines the energy costs for phase twists. The chiral spin
superfluid also breaks the discrete Z2 symmetry, which
is expected to be restored at a higher transition temper-
ature [36], giving rise to a rich finite temperature phase
diagram with an intermediate non-condensed chiral spin
fluid phase separating the fully disordered and chiral spin
superfluid phases.
Since the two spin components condense at opposite
finite momenta in the chiral spin superfluid, the generic
feature for this order is
∫
ddkk [n↑(k)− n↓(k)] 6= 0,
which can be probed by spin-resolved time-of-flight mea-
surements. Furthermore, when the Hamiltonian has TRS
but no inversion symmetry, the chiral spin superfluid ex-
hibits a spontaneous spin Hall effect, which is captured
by the response to an applied linear potential (or a con-
stant force F),
r˙s = ±F× (Ω(K)−Ω(−K)) , (5)
where rs is the vector connecting the charge centers of the
two spin components, Ω(k) is the Berry curvature [37].
In the interacting superfluid, this spin Hall effect only
develops below the Ising transition associated with chiral
order, and its sign fluctuates depending on which of the
two Ising states the system picks, a spontaneously broken
symmetry. Observation of the chiral spin superfluid with
these novel properties would provide a direct demonstra-
tion of ‘quantum order by disorder’, a quantum fluctua-
tion effect beyond conventional mean field theories used
for BEC.
FIG. 2: The spin-dependent hexagonal lattice. a, the lattice
structure. Spin ↑ (↓) bosons mainly live on A (B) sites. b , the
condensate configuration for the chiral spin superfluid. Spin
↑ and ↓ condensing at +K and −K in the first excited band,
corresponds to spin loop currents as illustrated by dashed
arrows in a. c, the contour plot of the excited band Wannier
function of spin ↑, which has a peak at A sites and dips at the
B sites (the opposite is true for the spin ↓Wannier function).
Spinor condensate at Dirac points. We now con-
sider a concrete model which exhibits the chiral super-
fluid ground state and the associated spin-Hall effect:
bosonic atoms loaded at the massive Dirac points of
a spin-dependent honeycomb lattice, shown in Fig. 2.
Our choice is motivated by recent experiments, where
two species of bosonic atoms have been loaded into the
ground band of such a honeycomb lattice [10].
The optical potential of the spin-dependent lattice
is [10]
Vlattice(x,mF )
= V0
(∑
j cos(kbj · x)−mFα
∑
j sin(kbj · x)
)
, (6)
with bj=0,1,2 =
(− sin(2π3 j), cos(2π3 j)). We set the lat-
tice constant as the length unit. For α = 0, this po-
tential has inversion symmetry, i.e., Vlattice(x,mF ) =
Vlattice(−x,mF ), and the realized hexagonal lattice has
the bandstructure of graphene, two lowest bands touch-
ing at the Dirac points. With α 6= 0, inversion symmetry
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FIG. 3: Emergence of chiral spin superfluid and the spin Hall
effect. a, the energy difference between chiral charge and spin
superfluid states. The red ‘+’ symbols are results calculated
by solving the Bogoliubov spectra numerically and the blue
solid line is from a combination with perturbation theory. See
Methods section for the details of the tight binding Hamilto-
nian we solve. b, the dynamics of the charge centers, r↑,↓,
of the two spin components with a force F applied in the x
direction. The two spins move oppositely in the transverse
(y) direction, signifying a spin Hall effect. Here we choose
∆D/t = 2 and F/t = 0.5 (t and ∆D are nearest neighbor tun-
neling and Dirac gap, respectively, in the hexagonal lattice.)
is broken, and a gap opens at the Dirac points (akin to
the Boron Nitride bandstructure [38]). The first excited
band has minima at two Dirac points (Fig. 2b), related by
TRS. The model still has a combined spin-space inversion
symmetry namely Vlattice(x,mF ) = Vlattice(−x,−mF )
which implies ǫmF (k) = ǫ−mF (−k). Using mF = 1
and −1 for pseudo-spin ↑ and ↓, the combined symme-
try, together with TRS, guarantees that the two spin
components manifest the same energy dispersion ǫ(k), so
our general theory directly applies to this spin-dependent
lattice Hamiltonian. We predict that the chiral spin su-
perfluid state is the ground state for weakly interacting
bosons loaded into the excited band of this lattice.
The energy splitting of chiral charge and spin states
is shown in Fig. 3a. The momentum distribution of the
chiral spin superfluid state (Fig. 5b) has a similar pattern
as the twisted superfluid reported in the experiment [10],
but in our case, the condensates are at Dirac points
rather than reciprocal lattice vectors. Further because of
the specialty of Bloch modes at Dirac points, the chiral
spin superfluid actually has staggered spin loop currents
in real space (Fig. 2a), where spin and orbital motions are
spontaneously coupled. In fermionic systems, spin loop
current orderings are also found recently, albeit in a more
delicate way [39, 40]. Based on Eq. (5), the broken inver-
sion symmetry implies that this chiral spin state exhibits
a spin Hall effect due to the Berry curvature at a massive
Dirac point, Ω(−K) = −Ω(K) 6= 0. (In condensed mat-
ter, this is also known as a “valley Hall” effect [2], but in
our case valley and spin degrees of freedom are coupled
in the chiral spin state, giving rise to a spin Hall effect.)
In Fig. 3b, we confirm this effect by direct numerical sim-
ulations. This chiral spin state and the consequent spin
Hall effect can be prepared by Bloch Oscillations in a de-
terministic way in experiments (see Fig. 5 and Methods).
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FIG. 4: Phase diagram of spinor bosons in the spin de-
pendent hexagonal lattice. a, the phase diagram. The total
density ρ↑+ρ↓ is fixed to be 1 here. In the weakly interacting
limit, the chiral spin (χs) superfluid (SF) has a first order
transition to the fully polarized (FP) superfluid state. A par-
tially polarized (PP) SF state is stabilized in the intermediate
interaction regime. A FP Mott state shows in the stronger
interaction regime. The phase boundaries of these polarized
states meet at a quantum tricritical point. b, the polarization
as varying V for different Us.
To study phase transitions from the weakly interacting
chiral spin superfluid induced, we project into the second
band, which is valid when the band gap ∆D dominates
over other energy scales such as effective tunneling teff in
the second band, intra- and inter- species interactions U
and V (see Methods). The Wannier orbitals for the spin
↑ and ↓ atoms in the resulting single band Hamiltonian
(see Methods) are shown in Fig. 2c. We study the prop-
erties of this Hamiltonian using a Gutzwiller mean-field
approach, which is known to predict the correct qualita-
tive phase diagram in d = 2, 3.
When V is strong, the chiral superfluid is unstable to-
wards phase separation into fully polarized domains. In
the weakly interacting limit, this transition is first or-
der, and occurs at a critical interaction strength Vc =
U/3 [34]. In the strong interaction limit U → ∞, there
is also a direct first order transition to a fully polarized
state, yet at a different critical value Vc = 2teff (see Sup-
plementary Information). In the intermediate regime,
i.e., when U and V are not too large, correlation effects
stabilize a partially polarized chiral spin superfluid state.
The transitions out of this intermediate state are second
order (Fig. 4). With density fixed at ρ↑+ρ↓ = 1, we find
a novel quantum tricritical point at the crossing of the
phase boundaries between these polarized phases.
Discussion
From our analysis, the chiral spin superfluid is a
generic state for spinor Bose gases loaded into an energy
band with double minima connected by time-reversal
symmetry. This state thus not only exists in the hexag-
onal lattice [10, 11], but also in the π flux triangu-
lar lattice [13], the shaken lattice [12], and other sim-
ilar Bose systems. The generic feature for the chi-
ral spin order, expected to emerge in all these setups
is
∫
ddkk [n↑(k)− n↓(k)] 6= 0. In the shaken lattice
5setup [12], the chiral spin state would produce a time-of-
flight signal similar to that in spin-orbit coupled gases [5],
but with a spontaneously chosen sign for the spin-orbit
coupling, which will vary from shot to shot. In opti-
cal lattices with broken inversion symmetry, this chiral
spin superfluid supports a spontaneous spin Hall effect.
The required potential gradient to observe this trans-
port phenomenon is different in spin-independent and
spin-dependent lattices. For the former [11, 12], a spin-
independent force (or non-magnetic potential gradient) is
required, while for the latter [10], to accommodate spin-
dependence of the lattice, a spin-dependent force mFF
(or a magnetic potential gradient) is necessary.
The idea that the chiral spin order is selected due
to time-reversal invariance can be generalized to more
general bands with multi-minima respecting crystalline
symmetries, where nature of the momentum space mag-
netism is expected to be richer. Such multiple mini-
mum bands are believed to occur in high spin systems
such as Dysprosium or Erbium atom coupled to Raman
fields [41]. In addition to the motivation from optical
lattices [10, 12, 13], the proposed momentum space mag-
netism is potentially relevant to spontaneous vortex for-
mation in BEC confined in ring geometries as well [42].
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FIG. 5: Simulation showing Bloch oscillations can be used
to prepare the chiral spin superfluid state. a, the occupa-
tion fractions of the ground and excited bands, ng and ne,
obtained by projecting the time-dependent wavefunction to
the eigenmodes of H2band (see Methods). The time unit is
TDirac ≈
4pi~
3λ
. b, the difference of momentum distributions of
two spins n↑(k) − n↓(k) in the excited band at time TDirac.
In our simulation we choose ∆D = 3t. The spread of momen-
tum distribution over a finite momentum range is due to the
harmonic trap included in the simulation.
Methods
Regularization of the logarithmic divergence with
Bogoliubov analysis. To treat the logarithmic diver-
gence problem of the bare perturbation theory (Eq. (4))
in two dimensions, a more careful analysis is performed
by combining perturbation theory and Bogoliubov analy-
sis, from which the energy difference between chiral spin
and charge states is obtained to be (see Supplementary
Information)
∆E(2)/Ns = − 12ρ↑ρ↓
∫
k
g2(k)
×
{
2
ε↑(k,Q−k)+ε↓(k,Q−k)
− 1ε↑(k,Q−k)+ε↓(−Q+k,−k)+∆ǫ(k,Q−k)−∆ǫ(−Q+k,−k)
− 1ε↓(−Q+k,−k)+ε↑(k,Q−k)+∆ǫ(−Q+k,−k)−∆ǫ(k,Q−k)
}
,
where
ε2σ(k1,k2) = ǫ(k1,k2) [ǫ(k1,k2) + 2ρσUσσ(K− k)] ,
ǫ(k1,k2) = (ǫ(k1) + ǫ(k2)) /2, and ∆ǫ(k1,k2) = (ǫ(k1)−
ǫ(k2))/2, and the effective couplings g are given in Sup-
plementary Information. With similar analysis as in the
bare perturbation theory, we get ∆E(2) > 0, favoring the
chiral spin superfluid generically.
Finite temperature transitions. In three dimen-
sions at low temperature, the chiral spin superfluid state
breaks two U(1) symmetries (corresponding to two spins)
and a Z2 symmetry (k → −k). For the balanced case,
with ρ↑ = ρ↓, we expect three nearly coincident transi-
tions (one Ising and two U(1)) near the three dimensional
BEC transition temperature, while for the imbalanced
case, we expect a U(1) transition for the minority spin
at lower temperature, followed by nearly coincident tran-
sitions (Ising and U(1) for the majority spin) at a higher
temperature. In two dimensions, the superfluidity tran-
sition temperature is determined by phase fluctuations.
The fluctuations on top of chiral spin superfluid state
are captured by introducing slowly varying fields ϕ<σr as
ϕ↑r = ϕ
<
↑re
iK·r and ϕ↓r = ϕ
<
↓re
−iK·r. The energy cost of
these fluctuations is
∆E =
∫
d2x
∑
σ
{
1
2
Zij∂xiϕ
<∗
σ,x∂xjϕ
<
σ,x
}
,
with Zij = ∂ki∂kj ǫ(k)|k→K. Transforming to the co-
ordinate frame with Zij being diagonal and replac-
ing ϕ<σx by
√
ρσe
iθσ , ∆E is rewritten as ∆E =
1
2
∫
d2x
∑
σ ρσ
{
λ1(∂x1θσ)
2 + λ2(∂x2θσ)
2
}
, where λ1,2
are eigenvalues of [Z]. The KT transition temperature
is then estimated to be Tc ≈ π8
√
Gρσ, with G the Gaus-
sian curvature of the bandstructure at K, which is λ1λ2.
For the symmetric case with ρ↑ = ρ↓, we have one sin-
gle KT transition temperature, while for ρ↑ 6= ρ↓ there
are two separate KT transitions at two distinct temper-
atures. The Ising transition associated with the chiral
order is expected to occur slightly above higher super-
fluid transition, as observed in other studies of chiral
superfluids [36]. In principle, a chiral spin state which
has chiral spin order but no superfluidity could occur in
a temperature window above superfluid transitions [36];
the exploration of such a remarkable bosonic chiral spin
fluid is left for future studies.
Experimental preparation of the chiral spin state.
Here we propose a deterministic way to prepare the chiral
6superfluid state with Bloch oscillations. We could start
with the lowest band condensate in the lattice potential
Vlattice(x,mF )|α→0 for which the two lowest bands touch
at Dirac points. Applying a magnetic gradient poten-
tial −mFλx, spin ↑ and ↓ components will move towards
the Dirac points at K and −K, respectively. At time
TDirac ≈ 4π~3λ , the components reach the respective Dirac
points, after which we quickly ramp on the spin depen-
dent potential (the term proportional to α in Eq. (6)),
to make the Dirac points massive with a band gap ∆D.
With ∆D much larger than the bandwidth and interac-
tions, the inter-band dynamics will be greatly suppressed.
The meta-stable state in the excited band is given by an
effective single-band Hamiltonian, described in the next
paragraph. To demonstrate the efficiency of the proposed
procedure, we simulate the Bloch oscillations by taking
a two-band tight binding model of free bosons,
H2band = −t
∑
<r,r′>
(
φ†Aσ,rφBσ,r + h.c.
)
+
1
2
mF∆D
∑
r
(
φ†Aσ,rφAσ,r − φ†Bσ,r+eˆ1φBσ,r+eˆ1
)
,
and the magnetic gradient potential is modeled as
Hlinear = −λmF
∑
r
rx
(
φ†Aσ,rφAσ,r + φ
†
Bσ,r+eˆ1
φBσ,r+eˆ1
)
,
where A and B label two sublattices as shown in Fig. 2.
We find that the occupation fraction of the excited band
could easily reach 50% (Fig. 5).
Calculation of the phase diagram. To obtain the
phase diagram of the meta-stable states in the second
band of the hexagonal lattice, we construct an effective
single band tight binding model,
H0 =
∑
r,j
teff
[
φ†↑,rφ↑,r+Rj + φ
†
↓,r+eˆ1
φ↓,r+eˆ1+Rj + h.c.
]
,
Hint =
U
2
∑
r
{n↑,r(n↑,r − 1) + n↓,r+eˆ1(n↓,r+eˆ1 − 1)}
+ V
∑
r,j
n↑,rn↓,r+eˆj .
Here φσ,r is the annihilation operator for the Wannier
functions peaked at position r (Fig. 2), and each spin
species sees a triangular lattice. This Bose-Hubbard
model describes bosons loaded into the second band of
the hexagonal lattice. In this lattice setup, the Wannier
functions of ↑ and ↓ components are peaked at two nearby
sites rather than on the same one, which makes the ra-
tio of interactions V/U easily tunable. For example this
ratio can be decreased by increasing the lattice depth or
the spin dependence parameter α. The energy dispersion
from the tight binding model is ǫ(k) = 2t
∑
j cos(k ·Rj),
which has band minima at ±K = (± 4π3 , 0). For weak
interactions, the energy difference between the chiral
charge and spin states computed from this model is
shown in Fig. 3.
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S-1. DETAILS OF THE BOGOLIUBOV ANALYSIS
In this section, we give the details of our Bogoliubov analysis. The ground state energy corrections are explicitly
calculated for the (++) and (+−) states. Symmetry guarantees the same result for the (−−) and (−+) states.
Fluctuations are included as
φ↑r =
√
ρ↑e
iK·r +
∫
k
φ↑(k)e
ik·r
φ↓r =
√
ρ↓e
ipK·r +
∫
k
φ↓(pk)e
ipk·r, (S1)
with p = + and − for chiral charge and spin states, respectively. The effective Bogoliubov Hamiltonian controlling
these fluctuations is
Heff =
1
2
∫
k
Ψ†(k)H(k)Ψ(k) + const, (S2)
where Ψ(k) = [φ↑(k1↑), φ
†
↑(k2↑), φ↓(k1↓), φ
†
↓(k2↓)]
T and
H(k) =
[
M↑↑(k1↑,k2↑) M↑↓(k)
M↓↑(k) M↓↓(k1↓,k2↓)
]
, (S3)
with (k1↑,k2↑,k1↓,k2↓) defined to be (k, 2K− k,k, 2K− k) and (k, 2K− k,−2K+ k,−k) for chiral charge and spin
states, respectively. These Mσσ′ matrices are
Mσσ(k1σ,k2σ)
=
[
ǫ(k1σ) + ρσUσσ(K− k) ρσUσσ(k−K)
ρσU
∗
σσ(k−K), ǫ(k2σ) + ρσUσσ(K− k)
]
(S4)
M↑↓(k)
=
[
U↑↓(k −K)√ρ↑ρ↓ U↑↓(k−K)√ρ↑ρ↓
U↑↓(k −K)√ρ↑ρ↓ U↑↓(k−K)√ρ↑ρ↓
]
. (S5)
From Bogoliubov Hamiltonian in Eq. (S3), we treat the spin-mixing part M↑↓ as a perturbation which is well justified
in the weakly interacting limit (see Fig. 3a). We thus write Heff = H
(0)
eff +H
(1)
eff , with H
(0)
eff block diagonal in the spin
space. The leading part is readily diagonalized in terms of Ψ˜(k) = [φ˜↑(k+↑), φ˜
†
↑(k−↑), φ˜↓(k+↓), φ˜
†
↓(k−↓)]
T , with
φ˜σ(k+,σ) = uσ(k1σ,k2σ)φσ(k1σ) + vσ(k1σ,k2σ)φ
†
σ(k2σ),
φ˜σ(k−,σ) = vσ(k1σ,k2σ)φσ(k1σ) + uσ(k1σ,k2σ)φ
†
σ(k2σ). (S6)
The coefficients are determined to be
v2σ(k1σ,k2σ) = u
2
σ(k1σ,k2σ)− 1
=
1
2
[
ǫ(k1σ,k2σ) + ρσUσσ(k−K)
εσ(k1σ,k2σ)
− 1
]
,
with
ε2σ(k1σ,k2σ) = ǫ(k1σ,k2σ) [ǫ(k1σ,k2σ) + 2ρσUσσ(K− k)]
ǫ(k1σ,k2σ) = (ǫ(k1σ) + ǫ(k2σ)) /2.
The Bogoliubov spectra are
ξ±,σ = εσ(k1σ,k2σ)±∆ǫ(k1σ,k2σ) (S7)
9with
∆ǫ(k1σ,k2σ) = (ǫ(k1σ)− ǫ(k2σ))/2.
Under the condition Uσσ(k) > 0 already assumed , we have ξ±,σ > 0, which means the system is stable [34, 43]. Then
H
(0)
eff takes a diagonal form H
(0)
eff =
1
2
∫
k
∑
p ξp,σφ˜
†
σ(kp,σ)φ˜σ(kp,σ) + E
(0), with E(0),
E(0)/Ns
= 12
∫
k
{−2ǫ¯(k, 2K− k) +∑σ εσ(k, 2K− k)− ρσUσσ(K− k)} (S8)
the same for chiral charge and spin states.
Treating the spin mixing terms perturbatively, (see Sec. S-2) the ground state receives an energy correction
E(2)/Ns = − 12ρ↑ρ↓
∫
k
Γ2(k1↑,k2↑,k1↓,k2↓)
×
{
1
ξ+↑+ξ−↓
+ 1ξ+↓+ξ−↑
}
, (S9)
with
Γ(k1,k2,k3,k4)
= |U↑↓(k −K)|2 (u↑(k1,k2)− v↑(k1,k2)) (u↓(k3,k4)− v↓(k3,k4)) . (S10)
Introducing
g(k) = Γ(k, 2K− k,k, 2K− k), (S11)
for the chiral charge case we have
E
(2)
χc /Ns = − 12ρ↑ρ↓
∫
k
g2(k)×
{
2
ε↑(k,Q−k)+ε↓(k,Q−k)
}
, (S12)
with Q = 2K, while for the chiral spin case we have
E
(2)
χs /Ns = − 12ρ↑ρ↓
∫
k
g2(k)
×
{
1
ε↑(k,Q−k)+ε↓(−Q+k,−k)+∆ǫ(k,Q−k)−∆ǫ(−Q+k,−k)
+ 1ε↓(−Q+k,−k)+ε↑(k,Q−k)+∆ǫ(−Q+k,−k)−∆ǫ(k,Q−k)
}
. (S13)
We also calculate the energy correction by numerically diagonalizing the full Bogoliubov Hamiltonian (Eq. (S3)),
finding excellent agreement with our analytic results when the inter-species interactions are weak (see Fig. 3a).
S-2. PERTURBATION THEORY FOR BOGOLIUBOV GROUND STATES
In this section, we discuss the perturbative method to calculate the ground state energy of a Bogoliubov problem
HBog = Ψ
†HBogΨ−HBog(2, 2)−HBog(4, 4),
with Ψ a column vector of bosonic operators [φ↑1, φ
†
↑2, φ↓1, φ
†
↓2]
T . This Bogoliubov Hamiltonian is one momentum
slice of Eq. (S2) and the momentum k index is suppressed for brevity. The 4× 4 matrix HBog can be rewritten as
HBog =
[
M↑ G
G† M↓
]
, (S14)
where the 2 × 2 matrices can be expanded in terms of Pauli matrices, Mσ = c0σ1 + cxσσx + czσσz, and G takes a
special form g(1+ σx). The terms c0σ, cxσ and czσ can be read off from Eq. (S3). Here we will treat the off-diagonal
part G perturbatively. The leading part is readily diagonalized as
H(0) =
∑
σ
[
φ˜†σ+, φ˜σ−
]
Dσ
[
φ˜σ+
φ˜†σ−
]
+Dσ(2, 2)−Mσ(2, 2)
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FIG. S1: Bogoliubov spectra along the kx axis in the chiral spin superfluid state. In this plot we use U/t = 1 and V/t = 0.3.
with
Dσ = ǫσ + czσσz (S15)
ǫσ =
√
c20σ − c2xσ
and
[
φ˜σ+
φ˜†σ−
]
= Tσ
[
φσ1
φ†σ2
]
,
Tσ =
[
uσ vσ
vσ uσ
]
and
u2σ = v
2
σ + 1 =
1
2
[
c0σ
ǫσ
+ 1
]
. (S16)
The Bogoliubov spectra are
ξσ,± = ǫσ ± czσ (S17)
In terms of φ˜, the perturbative part reads
H(1) = g(u↑ − v↑)(u↓ − v↓)
×
{
φ˜†↑+φ˜↓+ + φ˜↑−φ˜
†
↓− + φ˜↑−φ˜↓+ + φ˜
†
↑+φ˜
†
↓−
}
+ h.c. (S18)
Then standard perturbation theory applies, and only the third and fourth terms in Eq. (S18) contribute at second
order. The ground state energy is thus obtained to be
E =
∑
σ
(ǫσ − c0,σ) (S19)
− |g(u↑ − v↑)(u↓ − v↓)|2 ×
{
1
ξ↑+ + ξ↓−
+
1
ξ↑+ + ξ↓−
}
.
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S-3. LARGE U LIMIT OF THE HEXAGONAL LATTICE MODEL
In the large U limit, we can project out double occupancy, and the Gutzwiller state is
|G〉 =
∏
r
(
f↑,r,0 + f↑,r,1φ
†
↑,r
)(
f↓,r,0 + f↓,r+eˆ1,1φ
†
↓,r+eˆ1
)
|vac〉,
with a normalization condition |fσ,r,0|2+ |fσ,r,1|2 = 1. To minimize kinetic energy we take f↑/↓,r,1 = f↑/↓,1e±iK·r and
fσ,r,0 =
√
1− f2σ,1, where fσ,1 is a real number. Then the energy cost of the Gutzwiller state is
E/Ns = [−µ− 3teff ]
(
f21↑ + f
2
1↓
)
(S20)
+
3teff + 3V/2
2
(
f21↑ + f
2
1↓
)2
+
3teff − 3V/2
2
(
f21↑ − f21↓
)2
,
which after minimization leads to
{ |f21↑ − f21↓| = 0, if teff > V/2
|f21↑ − f21↓| = 2µ+6teff6teff+3V , otherwise
. (S21)
The transition from the unpolarized superfluid to the fully polarized state is at Vc = 2teff in this large U limit, where
the transition is first order.
